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ABSTRACT

As the Abrikosov vortex lattice has recently been found in van der Waals heterostructures constructed by a two-dimensional (2D) ferromag-
net and a superconductor, we propose the realization of cavity-photon–vortex coupling in a superconductive cavity to construct a new hybrid
quantum system in this paper. We study the corresponding hybrid states therein, including the exceptional lines (ELs) in the parameter
space. Considering that the parameters of our system are adjustable by external magnetic field and temperature, our system and the ELs are
much easier to be realized in experiments. Furthermore, the numerical results show that the corresponding hybrid states can be switched by
tuning the source of AC, which makes this hybrid system more advantageous to realize hybrid quantum computing in the future. Moreover,
for practical use in detecting hybrid states and the vortex dynamics, the transmission amplitude of an external transverse electric wave
through the cavity is also studied.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0123823

Hybrid quantum systems have attracted increasing attention in
quantum technologies because the combination of two or more physi-
cal systems can merge the advantages of different components for bet-
ter performance.1 The key to such systems is mainly sorted into two
aspects: one is the strong coupling strength for fast and effective opera-
tion and the other is the high quality factor for low energy dissipation
and long lifetime.

A cavity is an efficient object to realize hybrid quantum systems
between cavity-photon and other physical systems, such as magnons
and superconducting qubits.2–4 Moreover, as magnons can be directly
coupled with the cavity-photon in a cavity, cavity-photon–magnon
systems have become a promising platform for quantum technologies,
as demonstrated by both experimental5–13 and theoretical14–18 works.
However, the corresponding coupling strength in the traditional cavity
is essentially small because the coupling scales with the square root of
the number of spins in the system per volume of the microwave
cavity.7,19 To amplify the coupling strength, a superconductive cavity
was proposed,20,21 in which a several orders of magnitude enhance-
ment was achieved.21 In this sense, the superconductive cavity could
be a better candidate for a strongly coupled hybrid quantum system.

Recently, two-dimensional (2D) topological superconductivity
was proposed in van der Waals heterostructures constructed by a 2D
ferromagnet and a superconductor,22 and the vortex lattice, therein,
was accordingly observed.23 As the 2D van der Waals heterostructure
provides a high-quality interface and an easily regulated nature
through multiple external methods,24–28 such a system combined with
a cavity can potentially be integrated into devices and chips for hybrid
quantum computing in the future.3

Moreover, the quality factor of the vortex oscillation is dependent
on the viscosity coefficient g, the restoring force constant j, and the
working frequency (x),29 which represents the operating frequency of
the device and is determined by the AC, as shown in Fig. 1. For a typi-
cal superconductor YBa2Cu3O7, g is on the order of 10�6 N sm�2,
and j is on the order of 105 Nm�2;30 thus, the corresponding quality
factor at x ¼ 1MHz could be as large as Qv ¼ 1010, which is much
larger than that of the cavity optomechanic2,31 and the optomag-
nonic8,32 systems. In addition, we can define the maximum working
frequency of the vortex oscillation by the point of half power absorp-
tion of supercurrents relative to a DC, reading xvt ¼ j=g. In this
sense, the corresponding xvt can be up to 100GHz. Considering that
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the quantum ground state cooling temperature limit is generally
defined as T � �hxvt=kB, the ultra-high frequency of the vortex oscil-
lation leads to the higher quantum ground state cooling temperature
compared to that of the optomagnonic and optomechanics sys-
tems.33,34 One may also note that j is related to the external magnetic
field35 and temperature,35,36 g also depends on the temperature,37–39

and the working frequency of vortex oscillation can be tuned in the
range of 0 � xvt ; therefore, the frequency matching between the vor-
tex oscillation and the cavity-photon should be convenient. The
above-mentioned large Qv and broad working frequency window
make the vortex an efficient candidate in hybrid quantum systems.

These experimental results inspire us to propose a cavity-
photon–vortex hybrid quantum system in a superconductive cavity.
As the vortex is driven by the Lorentz force arising from the supercur-
rent in superconductors, it can be directly coupled to the electric field
component of the cavity-photon. Thus, the coupling strength should
be stronger, and the experimental realization should be easier. In this
sense, the study of the cavity-photon–vortex coupling in a supercon-
ductive cavity should be of great importance.

To study the coupling between the cavity-photon and the vortex,
a brief model is setup, as shown in Fig. 1. Technically, one may con-
struct the cavity by fabricating a dielectric layer (e.g., BaTiO3) sand-
wiched by two superconductor layers (e.g., NbSe2) with a finite length
of L. Under this condition, the intrinsic frequency of the cavity can be
obtained by xcav ¼ 2pf ¼ p�c=L for a half-wavelength resonator
(k ¼ 2L), where �c is the Swihart velocity, which reads21,40

�c ¼ c0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dI=eIð2kL þ dIÞ

p
; (1)

where c0 is the velocity of light in vacuum; dI and eI are the thickness
and dielectric constant of the dielectric layer, respectively; and kL is the
London penetration depth of the superconductor layer. For a certain
cavity of NbSe2/BaTiO3/NbSe2, the above-mentioned parameters can
be accordingly set as dI ¼ 3 nm; eI ¼ 7000,41 and kL ’ 0:5 lm.42,43

Thus,�c ’ 6:5� 10�4c0, and when L ’ 6 mm, the intrinsic frequency
of the cavity xcav is on the order of 100MHz.

For the generation of the vortex,22,23 we chose the CrBr3/NbSe2
heterostructure as an example, as shown in Fig. 1. Considering that
the vortex lattice is a result of the mixed state in the type-II supercon-
ductors, which is a regular lattice of magnetic flux quanta, an external

magnetic field B is also needed. Meanwhile, the vortex can be driven
by an external alternating current (AC) source with a finite frequency
xAC and then couple with the electric field component (E) of the
cavity-photon, which is the k=2 resonator of a transverse electric (TE)
wave, as shown in Fig. 1. As the wavelength of the TE wave is much
larger than the amplitude of the vortex dynamics, the electric field
around the vortex is treated homogeneously with a constant frequency
xcav determined by the cavity.

In general, the vortex can be treated as a quasiparticle and as the
displacements of the vortices driven by the supercurrent are approxi-
mately the same, the corresponding forces between vortices will be
negligible.44 Therefore, the vortex dynamics can be governed by a phe-
nomenological equation for a single vortex, which reads44,45

g _x þ jx ¼ Js
w0

c
; (2)

where x ¼ x0e�ixt is the location of the vortex, Js is the supercurrent
to drive the vortex by the Lorentz force, and w0 ¼ hc=2e is the flux
quantum.

The supercurrent can be separated into two independent parts:
one part is the external AC, as shown in Fig. 1, Jd ¼ J0e�ixACt , which is
used to drive the vortex, and the other part is from the electric field
component of the cavity-photon, which can be written as an electric
field response. Using the first London equation, it reads

JL ¼
1

�ixK
E; (3)

where E ¼ E0e�ixt and K ¼ m�=n�q�q� with effective mass
m� ¼ 2me, effective charge q� ¼ 2qe, and effective density n� ¼ n=2
of the Cooper pair in the superconductors. The driving force from Jd
can be treated independently as a control of the vortex oscillation fre-
quency. Thus, we have

ð�ixACgþ xvtgÞx ¼ Jd
w0

c
: (4)

Moreover, there could be a ratio Cr between the amplitudes of JL and
Jd and accordingly a phase difference /. The phase difference / can
be controlled by adding an extra phase shift voltage regulation circuit
into the system. Then, the vortex dynamics are given by

gðx2 � xACxÞx þ Ce�i/E ¼ 0; (5)

where C ¼ Cr
K

h
2e. If there is no cavity (E ¼ 0), then the frequency of the

vortex oscillation will be exactly the frequency (xAC) of the driving
force from Jd , which obeys the rule of forced vibration.

The cavity-photon can be described by a general LCR equa-
tion,8,16,18,32,47 which reads

l_Jn þrJn þ
1
c

ð
Jndt ¼ VF ; (6)

where Jn is the current and VF is the driving force from the feedback
of the vortex dynamics. In an LCR circuit, we have Jn ¼ Vc=Xc, where
Vc ¼ Edc is the voltage on the capacitor, with dc being the correspond-
ing distance and Xc ¼ 1=xc being the corresponding impedance.
Therefore, Jn ¼ xcdcE. Moreover, the driving force comes from the
voltage drop induced by the motion of the magnetic flux quanta,
which can be simply written as48

FIG. 1. Model of the coupling between the transverse electric (TE) wave and the
vortex in the top type-II superconductor. Here, “AC” indicates that a driving force is
applied via an alternating current (AC) with frequency xAC, L is the length of the
cavity constructed by NbSe2/BaTiO3/NbSe2, x denotes the location of the vortex
driven by the Lorentz force, E is the electric field component of the TE wave with
wavelength k ¼ 2L, representing a k=2 resonator, and B is the external magnetic
field to introduce the flux quanta in NbSe2.
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VF ¼ �K _x ¼ iKxx; (7)

where K ¼ ðh=2eÞ2Lnf jJdj with nf being the density of the free vortex.
Define the intrinsic frequency of the LCR circuit as xcav ¼ 1ffiffiffiffiffiffi

lc
p , the

corresponding damping as b ¼ r

2lxcav
, and the normalized coupling

strength asK ¼ K=dc; Eq. (6) becomes

Kx2
cavxx þ ðx2 þ 2ibxcavx� x2

cavÞE ¼ 0: (8)

Combining Eqs. (5) and (8) and considering x > 0 for physical
results, we have the following linear equations:

X� x
E

� �
¼ 0; (9)

where

X ¼
x� xAC Pe�i/

x2
cav

xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
xcav þ bxcavi

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
xcav þ bxcavi

0
B@

1
CA;

(10)

with P ¼ KCg being the coupling constant. By diagonalizing the matrix
X, we obtain the frequency spectrum.

Here, one should notice that the coupling constant P mainly
comes from two parts: one is the response between the supercurrent
and the electric field component of the TE wave in the cavity (C=g),
and the other is the voltage drop induced by the motion of the vortex
(K). By submitting all parameters, we have

P ¼ h3Lnf jJdjCr

8e3dcgK
: (11)

For a NbSe2 thin film, the parameters can be obtained as follows: an
experimental observed nf ’ 400=lm2;49 an estimated K ’ 2:8
�10�9 kgc�2 cm2 with the carrier density n ¼ 1:25� 1016 cm�2;50

and as the critical current in NbSe2 is reported to be on the order of
mA on a sample with a 0:0018� 0:4mm2 lateral area,51 we set Jd
¼ 106 A�m�2 typically. Moreover, as described previously, L ¼ 6mm
and g is on the order of 10�6 N�s�m�2.30 Thus, if we choose Cr ¼ 1
for a general device without tuning the amplitude of the supercurrents
and dc ’ 100lm for a typical width of the device, the initialized cou-
pling parameter will be P0 ’ 7:6� 10�4 N=s. We also notice that P
can be tuned in multiple ways, especially the source of the AC (jJdj
and Cr) and the temperature related viscosity coefficient g,37–39 which
makeP vary in orders of magnitude.

In addition, we set the general damping of the cavity
b ¼ 0:002;8,16,46 then, the spectrum can be obtained as shown in the
upper panel of Fig. 2. Here, we should notice that as the frequency of
the AC (xAC) is much easier to control in experiments, we mainly
vary the xAC with fixing the intrinsic frequencies of the cavity (xcav)
to solve the eigenvalues (x) of the hybrid quantum system. When
P ¼ 0 for the decoupled condition, a constant eigenvalue
[ReðxÞ ¼ xcav

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
’ xcav] of the cavity and a linearized eigen-

value (x ¼ xAC) of the vortex dynamics clearly appear. Moreover,
when P 6¼ 0, the coupled anticrossing mode appears, and the phase
difference / can accordingly change the shape of the curves.
Specifically, when P ¼ P0 and / ¼ p, a crossing point appears at
xAC ¼ xcav . To further understand the influence of the parameters,

we also calculate the band gaps (Dg) with various parameters when
xAC ¼ xcav , as shown in the lower panel of Fig. 2. With these results,
we can conclude that Dg is proportional to P but suppressed by the
phase difference /.

Another important issue for the hybrid states of non-Hermitian
systems are the ELs in parameter space, which are constructed by con-
secutive exceptional points (EPs). For the hybrid states at the EPs, there
are multiple intriguing phenomena to be observed, e.g., unidirectional
invisibility,52–55 unidirectional energy transfer,56 single-mode lasing,57

loss-induced lasing,58 and ultrahigh sensitivity.59 However, in experi-
ments, it is hard to realize the EPs due to the precisely controlled
parameters. For example, (1) in the optomagnonic systems, it is needed
to move the location of the YIG sphere inside the open cavity to adjust
the coupling strengths to achieve the “nonreciprocity and unidirec-
tional invisibility” at EPs54 and (2) the working frequency is fixed for a
given device to obtain ultra-high sensitivity for magnetometers.59

In general, the ELs can be captured by simply analyzing whether
the imaginary part of the eigenvalues of the hybrid states equal zero.
Thus, we show the eigenvalues of the hybrid states within a /-xAC

FIG. 2. Upper panel: spectrum obtained by diagonalizing the matrix X with various
parameters. Lower panel: bandgaps (Dg) as a function of the coupling parameter P for
various phase differences /, when the frequency of the AC equals to the intrinsic fre-
quency of the cavity (xAC ¼ xcav). Here, the dashed and dotted lines represent the
Dg of the conventional46 and superconductive21 cavity-photon–magnon systems,
respectively.
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space in Fig. 3, together with contours (green lines at the bottom) to
show the location of the corresponding ELs, where the ELs are mainly
located around / ¼ 0; p; 2p with a slightly distortion. Considering
that the related parameters in our system (P, j, g, xAC , and /) could
be changed by tuning the external magnetic field, temperature, or the
AC outside the cavity, it should be much easier to find the EPs in our
system. Due to the existence of the ELs in /-xAC space, one may feel
free to control the working frequencies.

Furthermore, considering that the control of the hybrid states is the
key to technically realizing the “computing” in the future,3,60 e.g., a NOT
gate, the switching of the hybrid states should be of great importance.
Here, we notice that the effective coupling parameter P can be tuned in
multiple ways as described previously, such as the AC related jJdj, Cr,
and the temperature related viscosity coefficient g.37–39 Considering
that the AC can be easily tuned by the source, the AC control of the
hybrid states could be much easier to be realized in applications. In this
sense, we calculate the P-dependent components of the corresponding
hybrid states, as shown in Fig. 4, where Wx and WE stand for the eigen-
vectors of the vortex oscillation and TE wave in the cavity, respectively.
It can be seen that, when increasing P, the component of vertex oscilla-
tion increases while the component of the TE wave decreases, indicat-
ing a hybrid state switching.

For experimental observation of these coupled states, the transmis-
sion amplitude of an external microwave is needed.8,16,18,32 Thus, we
should obtain the corresponding formula. Technically, if we inject an
external TE wave through the whole device, then there will be another
driving force on the LCR circuit, which can be qualitatively written as

VTE � dcE0: (12)

Substituting this into Eq. (6), we have the following revised equation:

Kx2
cavxx þ ðx2 þ 2ibxcavx� x2

cavÞE ¼ ix2
cavE0; (13)

and the corresponding Eq. (9) becomes

X
x
E

� �
¼

0
ix2

cav

xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
xcav þ bxcavi

E0

0
@

1
A: (14)

In this case, the transmission amplitude will be

S21 ¼ C
E
E0
¼ ix2

cavC

xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
xcav þ bxcavi

x� xAC

detX
; (15)

with C ¼ 2b characterizing the cavity/cable impedance mismatch.
Using the above-mentioned formulas, the transmission ampli-

tude jS21j2 with various parameters can be obtained, as shown by the
color area in Fig. 5, together with the corresponding spectrum of the
coupled system plotted by the red dashed lines. When / ¼ 0, the
usual anticrossing features are observed. Distinctly, when / ¼ p,
the patterns become different and form abnormal anticrossing fea-
tures, with the gap proportional to P. This abnormal feature can be
captured as follows: S21 always reaches a maximum value around the
eigenvalues (red dashed lines) due to the resonance between the
cavity-photon–vortex hybrid states and the input TE wave; however,
according to Eq. (15), when x ¼ xAC; S21 ¼ 0 in any case. Therefore,
the transmission amplitude will be zero around the line of x ¼ xAC,
which opens the gap and leads to abnormal anticrossing patterns, as
shown in Fig. 5. Moreover, when b ¼ 0:0001, the eigenvalues inside
the gap will become degenerate. However, this state is too sensitive to
the phase difference /, as observed in Fig. 5; if / ¼ 5p=6, then eigen-
values are generated inside the gap, forming parallel bands, as shown
by the corresponding red dashed lines, and the pattern of jS21j2
accordingly changes.

In summary, we propose a two-oscillator model to describe the
coupling between the cavity-photon and the vortex oscillation in a

FIG. 3. The eigenvalues of X with P ¼ P0 and b ¼ 0:002 for various / and
xAC , where the upper and lower branches represent the corresponding bands
when x > xcav and x < xcav , respectively. The green lines at the bottom of the
subfigures are the corresponding projected contours with ImðxÞ=xcav ¼ 0, repre-
senting the exceptional lines (ELs), accordingly.

FIG. 4. The components of the hybrid states vs P with xAC ¼ xcav and / ¼ p
for the two anticrossing branches, as shown in Fig. 2. Here, Wx and WE represent
the eigenvectors of the vortex oscillation and TE wave in the cavity, respectively.
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superconductive cavity and study the hybrid states therein, includ-
ing the corresponding ELs. Considering that our parameter space
is adjustable by external magnetic field and temperature, our sys-
tem should be much easier to be realized in experiments.
Moreover, we observe a usual anticrossing mode when there is no
phase difference (/ ¼ 0) between the external driving current and
the electric field component of the cavity-photon. When / ¼ p, a
different coupling mode appears with an abnormal anticrossing
feature. In particular, the corresponding hybrid states can be
switched by controlling the source of AC, which is much easier to
be realized in the future. For detection of the hybrid states and the
vortex dynamics, we investigate the transmission amplitude
through the cavity for different coupling modes by injecting an
external TE wave.
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