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A B S T R A C T   

Recently, the in-plane thermal transport in van der Waals (vdW) materials such as graphene, hexagonal boron nitride (h-BN), and transition metal dichalcogenides 
(TMDs) has been widely studied. Whereas, the cross-plane one is far from sufficient. Based on the non-equilibrium molecular dynamics simulations and Boltzmann 
transport equation, here we reveal the stacking and thickness effects on the cross-plane thermal conductivity (κ) of h-BN. We find that κ can be significantly 
modulated by both the stacking structure and thickness (d) of h-BN, which is unexpected from the viewpoint of its smooth in-plane structure and weak interlayer 
interaction. In the small thickness region (d < 6 nm), κ of h-BN at room temperature significantly increases with thickness, following a power law of κ∝dβ withβ =
0.84, 0.66, and 0.92 for AA’, AB, and AB’ stacking structures, respectively. Moreover, κ of AB’ structure reaches up to 60% larger than that of AA’ and AB structures 
with d = 5.3 nm, showing the remarkable stacking effect. We also find that the stacking effect on κ changes dramatically with d increasing, where AA’ stacking has 
the largest κ with d > 200 nm. We finally clarify that such exotic stacking and thickness dependence of κ is owing to the competing effect of excited number of 
phonons and phonon relaxation time, both of which directly affect the thermal conductivity. Our findings may provide new insights into the cross-plane thermal 
management in vdW materials.   

1. Introduction 

In the past decade, thermal transport property in van der Waals 
(vdW) materials has attracted significant attention [1–8]. Until now, the 
in-plane thermal conductivity (κ) in many monolayer and multilayer 
vdW materials, such as graphene, black phosphorus, and TMDs, etc., has 
been well explored. Many exotic thermal transport phenomena have 
been discovered, including the unusually large phonon lifetime of ZA 
mode in graphene [9], the outstanding anisotropy of κ in black phos
phorus [10], as well the dramatic interlayer coupling effect on κ of 
multilayer graphene [11,12] and TMDs [13,14]. Whereas, the study on 
cross-plane κ of vdW materials is far from sufficient. 

Generally, the in-plane κ is expected to be hardly affected by the 
stacking structure due to the long-range vdW interlayer interaction, 
which forms a weak and smooth potential for the in-plane vibrations. 
Nevertheless, our recent studies show that vdW interlayer interaction 
can induce strong stacking-dependent cross-plane vibrations, which 
leads to a very remarkable influence on the cross-plane κ [15]. There
fore, a systemic investigation on the stacking structure dependence of 
cross-plane κ is in greatly desirable. On the other hand, it had been 
widely obtained in low-dimensional materials with strong chemically 
bonded interaction that the thermal conductivity dramatically increases 

with the length L, flowing a power law of κ∝Lβ, where the nonzero β is a 
result of ballistic phonon transport [16]. It is also an interesting topic to 
explore if such power law exists in a 3D material with weak vdW bonded 
interaction, and how it changes with stacking structure. 

In this work, based on the well-known vdW material, hexagonal 
boron nitride (h-BN), we explore the stacking and thickness effects on 
cross-plane thermal transport properties. Note that the high in-plane 
thermal conductivity, atomically smooth surface, and large electronic 
band gap make h-BN an ideal substrate for 2D electronics [17–20]. 
Hence the clarification of its cross-plane thermal transport property will 
be helpful to the design of high-performance 2D electronic devices. 

2. Methods 

We consider three stable high-symmetry h-BN stacking sequences, 
namely AA’ stacking, AB stacking, and AB’ stacking, as shown in Fig. 1 
(a)-(c). The stability of all three stacking structures has been proved by 
first-principles calculations [21]. The three structures can be also 
transformed into each other by rotating or sliding the basal plane. 

The thermal conductivity is calculated by using the NEMD method, 
which is realized in the LAMMPS software package [22]. The optimized 
Tersoff potential [23] is used to describe the intralayer interaction. As 
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for the vdW interlayer interaction, the ILP potential [24] is adopted with 
a cutoff interaction radius of 10 Å. 

In NEMD simulations, the periodic boundary condition is applied to 
the in-plane x and y directions, and the fixed boundary condition is 
applied to the cross-plane z direction, respectively. The simulated box in 
the x and y directions are 4.96 nm and 4.29 nm, respectively. As shown 
in Fig. 2(a), the outmost layers at each side of the simulated box in the z 
direction are fixed. Then two nearby layers of each side are put into 
contact with the Langevin thermostat, which are called heat source and 
heat sink regions, respectively. The region between the heat source re
gion and the heat sink region is denoted as the effective heat transfer 

region. 
In the NEMD simulations, a time step of 0.5 fs is adopted. After 

structure optimization, the system is heated to a target temperature T (e. 
g. 300 K) by 200 ps (4 × 105 step) with Nosé− Hoover thermostat. Then 
the heat source region and sink region are coupled with the Langevin 
thermostat by temperature Th and Tc, respectively. Note that Th = T+

T0 and Tc = T − T0, where T0 is fixed at 30 K, and T corresponds to the 
average temperature of the system in the non-equilibrium steady state. 
All results given in this paper are obtained by averaging about 5 ns after 
a sufficiently long time 5 ns to set up a non-equilibrium stationary state. 
As shown in Fig. 2(b), due to the conservation of total energy in the 

Fig. 1. (a)–(c) Top view and side view of h-BN with AA’, AB, and AB’ stacking structure, respectively. (d)–(f) The corresponding phonon bands of h-BN structures in 
(a)–(c). (a) and (d) The results for AA’ stacking structure, (b) and (e) represent the results for AB stacking structure, and (c) and (f) represent the results for AB’ 
stacking structure. In (a)-(c), the green and white balls depict B and N, respectively. The optimized interlayer distance is also shown. In order to facilitate the 
differentiation of atoms in upper or lower layers in the top view, the radius of the upper atoms is reduced. In (d)–(f), Γ − A corresponds to the cross-plane path, and 
Γ − M − K − Γ corresponds to the in-plane paths in the Brillouin zone. The right panels in (d)–(f) show the enlarged figure of phonon band structure in Γ − A path. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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system, the energy exchange rates of the heat source and heat sink 
remain basically the same at the stationary state. 

The cross-plane κ of h-BN in different stacking structures is calcu
lated based on Fourier’s Law, 

κ =
J

|∇T|
=

J
ΔT/d

(1)  

where J denotes heat flux per unit area, ΔT = 2T0 is the temperature 
difference between the heat source and heat sink regions, and d is the 
length of the thickness of the h-BN film. 

On the other hand, κ of h-BN can be obtained by solving the phonon 
Boltzmann transport equation (BTE), as implemented in the ShengBTE 
package [25]. In order to make direct compassion with the NEMD 
simulations, which are based on the empirical potentials, we have 
developed a code to bridge LAMMPS and ShengBTE. Using the code, the 
second-order interatomic force constants can be completely derived 
based on LAMMPS, which is much faster than the DFT calculations. The 
third-order interatomic force constants are investigated by ShengBTE 
combined with the finite displacement method using a 3 × 3 × 3 
supercell. In the ShengBTE calculations, a relaxation time 

approximation (RTA) method is used to solve the Boltzmann equation. A 
20 × 20 × 20 Monkhorst-Pack q-point mesh is adopted for the conver
gence on the summation. In addition, Phonopy [26,27] is used to 
calculate phonon bands and phonon density of states, etc. 

3. Results & discussion 

We first explore the thickness d dependence of cross-plane κ with 
different stacking structures in the small thickness region (d < 6 nm). 
The results are obtained by using the NEMD method, which is particu
larly suitable for the evaluation of finite size effect [28–30]. Fig. 3(a) 
shows the calculated κ of h-BN for all three stacking structures at room 
temperature (300 K). A common feature is that κ significantly increases 
with thickness, following a power law of κ∝dβ with β = 0.84, 0.66, and 
0.92 for AA’, AB, and AB’ stacking structures, respectively. Note that 
similar size-dependent κ had been observed in low-dimensional systems 
with strong covalent interactions, where β usually varies around 0.5 at 
room temperature [16,30,31]. The index β reflects the weight of ballistic 
phonon transport (BPT) in the system. Particularly, β = 1 means that 
only BPT exists and the phonon mean free path (MFP) is infinite, 

Fig. 2. (a) Schematic temperature profile of a h-BN with eight effective transport layers at T = 300 K in the NEMD simulation. (b) The corresponding accumulative 
energy of heat source and heat sink under Langevin thermostat as a function of time. 

Fig. 3. (a) Cross-plane thermal conductivity as a function of thickness at 300 K for all the three h-BN structures. (b) Mean free path dependence of cumulative cross- 
plane thermal conductivity with AA’, AB, AB’ stacking structures at 300 K. The inset shows the enlarged figure for thickness<10 nm. 
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whereas β = 0 indicates the size of the thermal conductor is much larger 
than the MFP, and no BPT exists in the system. Therefore, the relatively 
large β values obtained in the small thickness region show the strong 
BPT characteristic in the cross-plane direction, which is from the very 
weak vdW interlayer interaction. 

Another interesting phenomenon is the strong stacking structure 
dependence of κ. As shown in Fig. 3(a), κ of AB’ stacking is obviously 
larger than that of AA’ and AB stacking, which becomes increasingly 
significant with thickness increasing. For instance, κ of AB’ structure 
reaches up to 60% larger than that of AA’ and AB structures with d = 5.3 
nm. Note that κ of AA’ stacking structure with d = 5.3 nm is about 0.26 
W • m− 1 • K− 1, which agrees well with the recent experimental obser
vation [32]. This result confirms the validity of our NEMD simulations. 

Nevertheless, the ILP potential adopted in this study leads to un
usually heavy computational resources and thus makes the NEMD 
method inefficient for the calculation of κ of h-BN with larger thickness 
due to the large number of atoms in a simulated box (800 atoms per 
layer). To get an entire evolution of thermal conductivity with thickness, 
we further calculate thermal conductivity by using the Boltzmann 
transport equation method, which is implemented in the ShengBTE 
software. In order to make direct compassion with the NEMD results, we 
have developed a code to bridge LAMMPS and ShengBTE, where the 
second-order interatomic force constants can be completely derived 
based on LAMMPS. Although ShengBTE cannot directly consider the 
finite thickness effect due to its requirement on the periodic boundary 

condition for the continuous wave vector, it can still give rise to 
reasonable results if the boundary scattering is not remarkable. In this 
case, the finite thickness effect can be evaluated by changing the cutoff 
MFP (equivalent to thickness d) during the calculation. 

Fig. 3(b) shows the MFP dependence of κ for all the stacking struc
tures obtained from the BTE method at 300 K. As shown in the inset, the 
BTE calculation gives rise to similar thickness dependence of κ to the 
NEMD simulation in the small thickness region (d < 10 nm). That is, κ of 
all h-BN structures are all smaller than 1.0 W • m− 1 • K− 1, and the AB’ 
stacking structure has obviously larger κ than the AA’ and AB structures. 
This result confirms the validity of evaluating the size effect of κ by using 
the cutoff MFP in the BTE method [33]. It is noticed that, as the thick
ness further increases to about 30 nm, the slope of κ with thickness in 
AB’ structure becomes smaller than that of AA’ and AB structures. As a 
result, a crossover of κ in the three structures appears when the thickness 
reaches about 200 nm. Interestingly, the converged thermal conduc
tivities can be obtained only when the thickness reaches up to 1000 nm, 
showing the unusually large MFP originated from the weak vdW in
teractions. It is noteworthy that the AA’ structure has the largest κ of 5.2 
W • m− 1 • K− 1, which is about 24% and 30% larger than that of AB (4.2 
W • m− 1 • K− 1) and AB’ structures (4 W • m− 1 • K− 1), respectively. This 
result is in contrast to the stacking structure dependence of κ in the small 
thickness region. 

To understand the underlying mechanism for the complex thickness- 
dependent sacking effect on κ of h-BN, we further calculate the phonon 

Fig. 4. (a)-(c) Cross-plane thermal conductivity projected on the basal plane (001) in the Brillouin zone for h-BN with AA’, AB, and AB’ stacking structures, 
respectively. (d) Percentage contribution to cross-plane thermal conductivity of phonon modes along the Γ − A path for h-BN with AA’, AB, and AB’ stacking, 
respectively. The results are obtained at 300 K. 
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band structures. As shown in Fig. 1(d)-1(f), the phonon branches in the 
in-plane directions (Γ-M− K-Γ paths) are almost the same for the three 
stacking structures, indicating the robustness of in-plane κ against the 
stacking structure. This result can be well understood from the long- 
range vdW interlayer interaction, which provides a weak and smooth 
potential to the in-plane vibrations. As for the cross-plane direction (Γ-A 
path), however, there is obvious stacking-structure dependent low- 
frequency transverse phonon modes (TA and TO’). In comparison with 
the phonon bands of the AA’ structure, the TA and TO’ bands slightly 
upshift in the AB structure, whereas they significantly downshift in the 
AB’ structure. As discussed below, the variation of TA and TO’ bands can 
result in distinct phonon–phonon scatterings in the low frequency region 
(ω < 5 THz), and thus the strong stacking-structure dependent cross- 
plane κ. 

Fig. 4(a)-(c) additionally show the projected cross-plane κ of h-BN on 
the basal plane (001) in the Brillouin zone (BZ) based on the ShengBTE 
calculations. It is seen that in all three h-BN structures, cross-plane κ is 
mostly concentrated around the Γ point in the 2D BZ. This feature shows 
that the cross-plane thermal transport is mostly contributed by the 
phonon modes along the cross-plane Γ–A path. Hence, in the following 
discussions, we focus on the contributions of phonon modes along Γ–A 
path to the cross-plane κ. Fig. 4(d) shows the relative contributions of 
LA, TA, and all the optical phonon modes along the Γ–A path. It is seen 
that κ of the three stacking structures exhibits different phonon-mode- 
contribution characteristics. In AB’ structure, the contribution (84.8%) 
of acoustic phonon modes (TA, LA) is obviously smaller than that of AA’ 
(89.5%) and AB (92.9%) structures. This result implies that the 

downshift (upshift) of TO’ in AB’ (AB) structure in comparation with 
that of AA’ structure makes the optical phonon modes participate more 
(less) in the thermal conduction. 

The calculated frequency dependence of κ in Fig. 5(a) further shows 
that the cross-plane thermal conductivity is mainly contributed by the 
low frequency phonons (ω < 5 THz). This result confirms that the up
shift/downshift of TA and TO’ phonon bands that are in the low energy 
region can lead to significant variation of cross-plane κ. Then we addi
tionally explore the phonon-frequency dependent of group velocity vω 
and relaxation time τω in the low frequency region, which plays critical 
role in determining κ since κ =

∑
ωCωv2

ωτω with Cω being the heat 
capacity. 

Fig. 5(b) shows the frequency dependence of group velocity (vω). It is 
seen that the stacking effect on vω mainly arises in the region of ω < 1.5 
THz, where the AB’ structure has smaller vω than the other two. This 
result is consistent with the significant downshift of TA and TO’ bands 
along Γ–A path in AB’ structure. Note that smaller vω is expected to give 
rise to a smaller κ in AB’ structure. Fig. 5(c) additionally shows the 
frequency dependent phonon relaxation time (τω). As one can see, the 
AB’ and AA’ structures basically have the smallest and largest τω, 
respectively. Considering that κ =

∑
ωCωv2

ωτω, the smaller vω and τω in 
the low-frequency region gives rise to the smallest cross-plane κ in AB’ 
structure. On the other hand, although the group velocities of AB and 
AA’ structures are nearly the same, the smaller relaxation time in AB 
structure makes it have a smaller cross-plane κ than AA’ structure. This 
result is consistent with the frequency dependent κ of all three structures 
shown in Fig. 5(a). Note that the stacking-induced variation of τω is 

Fig. 5. (a) Frequency dependence of cumulative cross-plane thermal conductivity with AA’, AB, AB’ stacking structures at 300 K. (b) Group velocity and (c) Phonon 
relaxation time along the Γ − A path at 300 K. The squares, triangles, and circles correspond to the AA’, AB, and AB’ stacking structure, respectively. (d) Number of 
excited phonons (NEP) along the Γ − A path. 
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much more sizeable than that of vω, and thus the relaxation time is a 
dominating factor to the variation of cross-plane κ. 

The stacking effect on phonon relaxation time can be further un
derstood from the variation of TA and TO’ branches along Γ–A path. As 
shown in Fig. 1(d)-1(f), in comparison with the AA’ structure, the 
downshift of TA and TO’ branches in AB’ structure has two competing 
effects. On one hand, the downshift of TA band increases the band gap 
between LA and TA modes and leads to less acoustic-acoustic phonon 
scatterings, which has an effect of increasing the relaxation time [15]. 
On the other hand, the downshift of TO’ band strengthens the acoustic- 
optical phonon scatterings, which leads to the decrease of relaxation 
time. As a result of competition, the additional acoustic-optical scat
tering effect is more dominating, and the relaxation time in AB’ struc
ture is obviously smaller than that of AA’ stacking in the low frequency 
region. This result is confirmed by the relative contributions of different 
phonon modes on thermal conductivity shown in Fig. 4(d), where the 
contribution of optical modes in AB’ structure is about 5% larger than 
that in AA’ structure. As for the AB stacking structure, both TA and TO’ 
bands slightly upshift in comparison with that of AA’ stacking. In this 
case, although the upshift of TO’ band has an effect of reducing the 
acoustic-optical phonon scattering (the contribution of optical modes 
becomes 3.4% smaller than that of AA’ structure), the increase of 
acoustic-acoustic phonon scattering induced by the upshift of TA band 
has a dominating effect on κ. As a result, the cross-plane κ in AB structure 
is also smaller than that of AA’ structure. 

Note that the above analysis is based on the bulk h-BN structures, 
which can explain the stacking effect on cross-plane κ with thickness 
over 1000 nm as shown in Fig. 3(b). Whereas, in the h-BN films with 
small thickness, the finite size effect would be prominent, resulting in a 
different stacking dependent cross-plane κ, as shown in Fig. 3(a) and 
inset of Fig. 3(b). This is because in the h-BN films with the small 
thickness (e.g., d < 10 nm), much more phonons have MFPs larger than 
the thickness, which makes them ballistically transport across the h-BN 
films without scattering. In this case, the ultra-large phonon relaxation 
time (or MFP) plays a minor role on κ. Instead, the stacking dependent κ 
would be mainly determined by the variation of the number of excited 
phonons (denoted as NEP, which is proportional to the heat capacity) for 
the thermal transport and their group velocities. Since the stacking- 
induced group velocity difference is small, the variation of κ is mainly 
attributed to the stacking-dependent NEP. This argument is verified by 
the temperature dependence of cross-plane κ with the thickness of d =
2.6 nm. As shown in Fig. S1(a) [see Fig. S1 in the Supporting Material 
(SM)], in all the h-BN structures κ monotonically increases with tem
perature increasing from 100 K to 800 K. This result is contrary to that 
with large thickness, where κ decreases with temperature T, following a 
κ∝T− 1 law as indicated in Fig. S1(b). It is known that increasing tem
perature has two effects: (1) it increases the NEP for thermal transport, 
and (2) it reduces the phonon relaxation time. Fig. S1 means that in the 
small (large) thickness region, the increase (reduction) of NEP (phonon 
relaxation time) has dominating effect on cross-plane κ of h-BN (see 
Supplementary Material for details). Then we additionally calculate the 
phonon frequency dependent NEP at room temperature, which is ob
tained by DOS(ω)× BE(ω), where DOS(ω) and BE(ω) are the frequency 
dependent phonon density of states and Bose–Einstein distribution, 
respectively. As shown in Fig. 5(d), the NEP of AB’ structure is signifi
cantly larger than that of AA’ and AB structures. This result explains why 
AB’ structure has the largest cross-plane κ among the three structures in 
the small thickness region, which is contrary to that in the large thick
ness region. 

Finally, we discuss the electron contribution to the thermal con
ductivity of the three h-BN structures. According to the Wiedemann- 
Fran law, electronic thermal conductivity (κe) can be expressed as 

κe = LσT (2)  

where the T denotes temperature, L is the Lorenz constant, and σ is the 

electronic conductivity. One can qualitatively calculate the electronic 
thermal conductivity by using Eq. (2). Generally, in semiconductors or 
insulators, due to the lack of free electrons, σ is very small which leads to 
ignorable κe at room temperature, in comparison to the phononic ther
mal conductivity. Hence, we have additionally calculated the electronic 
band structures of bulk h-BN in all three stacking structures based on the 
DFT method [34,35]. As shown in Fig. S2, the band gaps of AA’, AB, and 
AB’ structures are 4.2, 4.4, and 3.5 eV, respectively. This result shows 
that they are ideal insulators, and the electron contribution to thermal 
conductivity can be ignored at room temperature. Additionally, 
supposing that when the probability of an electron in the highest valence 
band jumping into the lowest conduction band is smaller than 1%, the 
electronic thermal conductivity can be negligible. One can further 
evaluate the critical temperature Tc according to the Fermi-Dirac dis
tribution (see Supplementary Material for details). As a result, it is found 
that Tc = 1060 K, 1110 K, and 883 K for AA’, AB, and AB’ structures, 
respectively, meaning that the electronic contributions on thermal 
conductivity of h-BNs can be negligible below 883 K. 

4. Conclusions 

In summary, we have explored the stacking and thickness effects on 
the cross-plane thermal conductivity κ of h-BN based on the NEMD 
simulations and the BTE calculations. We find that κ can be significantly 
modulated by both the stacking structure and thickness d of h-BN. We 
find that for h-BN films with small thickness region, the variation of κ 
presents significant ballistic phonon transport characteristics in the 
cross-plane direction as well as the remarkable stacking effect (κ in AB’ 
structure is up to 60% larger than that in AA’/AB structure). We also find 
that the stacking effect on κ changes dramatically with thickness 
increasing, where a crossover appears with d > 200 nm. In the bulk h- 
BNs, the κ of AA’ structure becomes about 24%-30% larger than of AB 
and AB’ structures, respectively. We finally clarify that such exotic 
stacking and thickness dependence of κ is owing to the competing effect 
of the excited number of phonons and phonon relaxation lifetime, both 
of which directly affect the thermal conductivity. 
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